ABSTRACT. We introduce 'higher discriminants' of a morphism of complex algebraic varieties. These are defined in terms of transversality conditions, and we show: (1) the support of any summand of a projective pushforward of the IC sheaf is a component of a higher discriminant, and (2) any component of the characteristic cycle of a proper pushforward of the constant function is a conormal variety to a component of a higher discriminant.
INTRODUCTION
Let f : X → Y be a proper family of algebraic varieties. The topological properties of the fibers are constant in the complement of the discriminant ∆(f ). Over C, the theory of Whitney stratifications assures us of the existence of a further stratification of ∆(f ) so that topological properties of the fiber are constant in each stratum. Unfortunately there tends to be a vast number of strata -at least as many as topological types of fibres.
We introduce here a coarser filtration:
Moving δ ∈ ∆(f ) off the discriminant to δ / ∈ ∆(f ) changes the topology: X δ ∼ X δ . Blurring our focal point to obscure this feature, we pass to a one dimensional disc D ∋ δ, chosen generic and small enough to retract X D ∼ X δ . A one dimensional disc cannot be perturbed off the discriminant, and indeed for δ general in ∆(f ), a perturbation D ′ of the thickening D induces a homeomorphism X D ′ ∼ X D . We define ∆ 2 (f ) to be the locus which still appears to our blurred vision: where even a general perturbation of a general one parameter thickening changes the fibre topology. In the case when X, Y are nonsingular, we may check this by a tangent space calculation, and define the higher discriminants:
For example, consider the versal deformation of a cuspidal rational curve, given in an affine chart by the projection of the locus y 2 = x 3 + ax + b to the (a, b) plane. The discriminant
a,b is the curve 4a 3 + 27b 2 = 0. The cuspidal cubic over (0, 0) is topologically different from the nodal cubics above other points in ∆ 1 (f ). Nonetheless, (0, 0) / ∈ ∆ 2 (f ): the preimage of a generic 1-dimensional disk through (0, 0) is stable under small perturbations.
However, even though the fibres need not be topologically constant above ∆ i (f ) \ ∆ i+1 (f ), the singularities of ∆ i (f ) record the variance. In Section 2 we define more generally the higher discriminants for any proper map f : X → Y of complex algebraic varieties. We then show (Thm. 3.1) that if f is projective, any component of the support of a summand of Rf * IC X is an i-codimensional component of ∆ i (f ) and (Thm 4.2, Cor. 4.4) that any component of the characteristic cycle of f * 1 X is the conormal variety to an i-codimensional component of ∆ i (f ). The latter result can be combined with the decomposition theorem [BBD] and ideas of Massey [Ma] to control the stalks of Rf * IC X (Cor. 5.3) and even estimate their dimensions in terms of the polar multiplicities of the higher discriminants (Cor. 5.6).
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HIGHER DISCRIMINANTS
In this section we define the various versions of higher discriminants and develop their elementary properties, including the crucial dimension estimate of Lemma 2.7.
Let Y be nonsingular. By a k-disc through a point y ∈ Y , we mean a germ of imbedding ρ : D k → Y , with ρ(0) = y and dρ(0) injective. By a general k-disc we mean that Im dρ(0) belongs to an open dense subset of the Grassmannian of k-dimensional subspaces of T y Y . Definition 2.1. (Higher discriminants of a map) Let f : X → Y be a map from any complex variety X to a smooth complex variety Y . The i-th discriminant ∆ i (f ) is the locus of y ∈ Y such that there is no (i − 1) disc D i−1 passing through y for which the inclusion of the fibre product
it admits a neighborhood in X homeomorphic to a bundle over itself and codim(
Remark. When X is also smooth, this amounts to saying ∆ i (f ) is the locus of y ∈ Y such that for every D i−1 ∋ y, the preimage is scheme-theoretically singular or is of the wrong codimension. By the implicit function theorem, this is equivalent to requiring that for every
is not everywhere surjective along X y . Note however this may be larger than the image of the locus in X where the df has cokernel of dimension at least i:
Example 2.2. Let f be the blow-up of a point p on a smooth surface: the image of df has dimension one at every point of the exceptional divisor. Nevertheless p ∈ ∆ 2 (f ): no disc in the base is transverse to all these tangent space images simultaneously, and indeed the inverse image of every one-dimensional disc D through p will be given by the union of the proper transform of D and the exceptional divisor, which is singular.
If X is smooth this is just generic smoothness or Sard's theorem; in the singular case see e.g. [SMT, Thm. 1.7] and the nearby discussion. Definition 2.3. (Homological higher discriminants of a map) Let f : X → Y be a map from any complex variety X to a smooth complex variety Y . Then the i-th homological discriminant ∆ i h (f ) is by definition the locus of y ∈ Y such that there is no
Since on the regular part of X and
Remark. When X is smooth, the definition amounts to saying ∆ i h (f ) is the locus of such that for every (i − 1) dimensional disc D i−1 ∋ y, the reduced fibre product (X × Y D i−1 ) red fails to be a homology manifold or is of the wrong codimension.
We record a couple of notes on the
Moreover, the homological discriminants need not be closed:
Example 2.5. Consider the universal conic in C ⊂ P 2 × |O P 2 (2)|, and f : C → |O P 2 (2)|. The locus parameterizing double lines is not in ∆ 1 h (f ), but is in the closure of the locus parameterizing reducible conics, which is in ∆ 1 h (f ). We also have a notion of higher discriminants of a constructible sheaf or function. It is written in terms of the vanishing of vanishing cycles. Generalites on constructible functions are recalled at the beginning of §4, in particular for the definition of nearby and vanishing cycles of a constructible function see Equation (3) 
The following dimension estimate for the discriminants is crucial:
Proof. This follows by the existence of a Whitney stratification for the map, (resp. for the complex, for the function): any point in a stratum of codimension ≤ i is not in ∆ i+1 since we may take a disk some of whose dimensions are tangent to the stratum. In practice, it is possible to determine ∆ i (f ) by tangent space calculations when X is smooth. Fortunately this controls the other discriminants. We write f * 1 X : Y → Z for the constructible function which takes a point y ∈ Y to the topological Euler characteristic of the fibre X y .
Proposition 2.8. For any proper
Proof. The first statement holds by the implicit function theorem for X smooth, and by [GM, §5.4 .1] in general. The second holds by the Ehresmann lemma.
Remark. The higher discriminants of a constructible function or of a constructible, even perverse, sheaf, need not be closed, nor need they be nested. For example, let Y = C 2 and denote
For a constructible sheaf complex F , we always have F ) . The inequality can be strict even for a perverse sheaf: for instance, keeping the same notations
We do have:
Proof. Take a Whitney stratification for F . We need to check only at a generic point y of a codimension i stratum S. The restriction to a disc D i ∋ y transverse to S is, up to shifting by [−i], perverse, hence so is the vanishing cycle along a general linear form. The vanishing cycles in a small enough neighborhood of y and with respect to a general linear form are supported at a point; being perverse they therefore have (usual) cohomology sheaves in only one dimension. Thus the vanishing of this vanishing cycle is equivalent to the vanishing of its Euler characteristic.
Remark. To extend the above definitions to Y singular, we take an inclusion into a smooth space i : Y ֒→ Z and define
All theorems hold in this generality, but the proofs immediately reduce to the case Y smooth, which we therefore assume.
Example 2.10. We wish to illustrate the extent to which the filtration by higher discriminants may be coarser than a stratification with respect to which Rf * Q is constructible. Let π : C → B be a locally versal deformation of an irreducible plane curve with a unique singularity, and π J : J → B the relative compactified Jacobian. Then ∆ i (π J ) is the locus of curves of cogenus (the difference between the arithmetic genus and the geometric genus) at least i [FGvS] , which in turn is the closure of the locus of i-nodal curves [DH, T] . On the other hand, there is a great deal of information in stalks of Rπ J * C; in particular by [S, MY, MS] we can extract the sum of the Milnor numbers of the singularities in the fibre. By [LR] this means that any stratification with respect to which Rπ J * C is constructible must have at least one stratum for every topological type of (multi-)singularity into which the singularity of the central fibre may deform.
SUMMANDS OF Rf * IC X
We require the formalism of perverse sheaves [BBD] . For Z an algebraic variety and
The decomposition theorem of [BBD] asserts that if f : X → Y is proper, then Rf * IC X splits as a direct sum of shifted simple perverse sheaves. In other words, there are some nonsingular locally closed subvarieties V i carrying local systems
When X is singular, the same statement holds for Rf * IC X .
Some general results constraining which V may appear are known. For example, if X is nonsingular and the map f is semismall, i.e. codim{dim X y = i} ≥ 2i, then the V i which appear are precisely the closures of the components of the loci {dim X y = i} for which the above inequality is an equality [BM, dCM] . For any f , if the maximum fibre dimension is d, then the V i which appear can be shown by the relative Hard Lefschetz theorem to have codimension ≤ d, with strict inequality over the locus where the fibres are irreducible. Finally, there is the recent and celebrated result of Ngô [N] , which applies to the case when f : X → Y is a certain sort of compactification of a sufficiently well behaved abelian scheme, and implies for instance that all the V i which occur are contained in the locus where the fibres X y are not integral.
Here we add to this list the following statement. 
Combined with the computation of the weight polynomial of the fibres this result gives a powerful tool to determine the supports of these summands, see for instance [MS, MSV] . Definition 3.2. We write S(Z) ⊂ D b c (Z) for the complexes K which are (1) isomorphic to direct sums of shifted semisimple perverse sheaves, and moreover (2) are symmetric in the sense that
If f : X → Y is a projective map, then, by the Decomposition Theorem and the relative Hard Lefschetz Theorem of [BBD] , Rf * IC X ∈ S(Y ).
Remark. We have:
, and two of the three complexes are in S(Z), so is the third. (3) If K ∈ S(Z) and K Λ is the sum of the summands of K with support exactly equal to 
and so i
On the other hand obviously K ′′ ∈ S(D), which is a contradiction unless
Proof. (of Theorem 3.1) As f is projective, we see from the Decomposition and relative Hard Lefschetz theorems that
] on a neighborhood of y. By Corollary 3.4, there is no summand of Rf * IC X supported on y, and the 0-dimensional supports of the summands of Rf * IC X are contained in ∆ n h (f ). In the general case, let Z be the support of a simple summand of Rf * IC X , and denote by k its codimension. By the codimension estimate of Lemma 2.7,
This condition is open and dense in the space of such D k , so we may ensure that locally
by proper base change there is a summand of Rf * IC X D k supported at z. In particular, by the previous step there can exist no
But if there were any Remark. Let f : X → Y be a semismall-map, with X nonsingular, and assume f (X) = Y .
(these are the relevant strata cfr. [BM, dCM] ). It follows from 3.1 that in this case Y α ⊂ ∆ 2i (f ). This means that there is no 2i − 1-dimensional disc through the general point of Y α with nonsingular inverse image of the right codimension. Notice that the consideration of the dimension of the fibre would give a much cruder estimate, namely that there is no i-dimensional disc with nonsingular inverse image of the right codimension. For example, if a point y is a zero-dimensional relevant stratum, namely dim X y = 1/2 dim X, there is no Cartier divisor through y whose inverse image is a nonsingular Cartier divisor in X.
The following corollary, already implicitly used in [MS] for the relative Hilbert scheme of a family of irreducible curves, gives sometimes a useful criterion to check whether a component of ∆ i h (f ) supports a summand of Rf * IC X . For simplicity, we will state it in the case when X is nonsingular. By the decomposition theorem we have
where the V i 's are nonsingular locally closed subvarieties carrying local systems L i . By [Sa1, Sa2, Sa3] , there is a canonical Mixed Hodge structure on the stalks of the cohomology sheaves of every direct summand K in this decomposition of Rf * IC X , compatible with the canonical Mixed Hodge structure on the cohomology of the fibres of f .
For a weight filtration W on a complex of vector spaces V • , we write the weight polynomial
For a variety Z, we abbreviate w(Z) for w(H * c (Z)). Corollary 3.5. Let f, X, Y as in Theorem 3.1, and assume furthermore X nonsingular. Let K be a pure complex, and let i :
the general point of every higher discriminant, then i is an isomorphism.
Proof. Any monomorphism in a triangulated category splits, so there exists some h . Remark. For varieties defined over more general bases, we no longer have access to Whitney stratifications or generic smoothness and so no longer may deduce codim ∆ i h (f ) ≥ i. However if we assume the above codimension estimate, Theorem 3.1 holds with the same proof whenever results as in [BBD] hold, in particular over finite fields. Moreover, in this case, at least when X is smooth the definition of ∆ i (f ) still makes sense, and we still have
The group of constructible functions C (Y ) on a complex analytic variety Y is the free abelian group generated by characteristic functions of closed analytic subvarieties. We recall below some relevant facts; for a detailed treatment see e.g. [KS, §9.7] or [Sc, §2.3] .
A proper map f : X → Y induces a pushforward f ! : C (X) → C (Y ): if W ⊆ X is a closed subvariety and 1 W is its characteristic function, then: f ! 1 W (y) := χ c (f −1 (y) ∩ W ). We have written the compactly supported Euler characteristic to emphasize its additivity, but recall that for algebraic varieties, the compactly supported and usual Euler characteristics agree (see e.g. [F, p. 141] or [Sc, §6.0.6] ). We employ Viro's integral notation [Vi] : if π Y : Y → point is the structure map, then for ξ ∈ C (Y ) we write
Because all the strata are locally contractible, we have: We recall that, for a subvariety V , one can define the Euler obstruction Eu V (x), a constructible function with support on V ; Eu V (x) = 1 if x is a smooth point [M] . It is constant along strata of a Whitney stratification, preserved by products with smooth spaces. There is a hyperplane formula: assuming dim V > 0 and taking an local embedding at some v ∈ V ⊂ C n ,
for a general D n−1 passing near v [BDK] (see also [BLS, Thm. 3 .1] and [Sc1] ).
Constructible functions are more generally also associated with objects in the constructible sheaf category
The map F → [F ] factors through the Grothendieck group, and is compatible with pushforward:
, for a subvariety W . We will employ the formalism of nearby and vanishing cycles; we recall here enough to fix notation. Let f : Y → C be a regular function and Y 0 = f −1 (0). Consider some y ∈ Y 0 , and fix sufficiently small ǫ ≫ |δ| > 0. Then we have the long exact sequence in cohomology for the ǫ-ball relative to the Milnor fibre:
These are in fact the stalks at y of a distinguished triangle of complexes of sheaves on Y 0 :
− → (We follow the convention for shifts employed in [KS] .) For example, in the analytic category the functor Ψ of nearby cycles can be given as follows. Let e : C → C be the map e(ζ) = exp(2π √ −1ζ) and consider the following diagram
The nearby and vanishing cycles commute with proper base change: given some g :
The functors Φ, Ψ descend to operators on constructible functions [V, Prop. 3.4, Prop. 4 .1]. Explicitly if M is a complex space, l : M → C a holomorphic function, we may write vanishing and nearby operators on constructible functions
We may rewrite the hyperplane formula (2) for the Euler obstruction as:
Proof. Choose a stratification of Y which restricts to a Whitney stratification of all ∆ i and with respect to which ξ is constructible. Then the theorem holds on every point of a stratum if it holds on one. Let S be a maximal stratum on which the theorem fails to hold, i.e. it is not contained in the closure of any other stratum on which the theorem fails to hold. Cutting with a general disc of complementary dimension and transverse to S preserves all assumptions and statements. By induction on the codimension of strata, we are therefore reduced to the case where the theorem holds everywhere on Y except at a single point y. Choose a general linear function l : (Y, y) → (C, 0).
Let ξ = V ξ V Eu V be the expansion of ξ. By uniqueness of this expansion and by the inductive hypothesis, we in fact have
, it is for dimension reasons an isolated point of this space. In particular, in a neighborhood of y, all the other ∆ i,α have positive dimension and we have by the hyperplane formula 2 (Φ l ξ)(y) = ξ y 1 y . We conclude
Moreover all the ∆ i which intersect a neighborhood of y have positive dimension, so by the hyperplane formula
We conclude ξ y = 0 and hence again that
Remark. A similar argument shows Φ l (ξ| D i )(y) = α ξ i,α Eu ∆ i,α (y) (we do not sum over i) for any y ∈ ∆ i \ ∆ >i . In the next section we will see more generally that such vanishing cycles can be expressed in terms of the multiplicities of local polar varieties. 
where the ξ i,α can be computed as above.
Remark. Despite the structural similarity between Theorems 3.1 and 4.2, we do not know any actual relation between them. In particular, the coefficient ξ i,α j may be nonzero even when no summand of Rf * Q is supported on the component ∆ i,α . An example is given by the versal deformation C → D 2 of a rational curve with a cusp singularity. In this case the summands of
Remark. When X is singular, in addition to 1 X we may consider [IC X ] for the IC sheaf in any perversity; we again have 
Thus these functions also can be expanded in the Euler obstructions of the higher discriminants of the map f .
We recall the relation between characteristic cycles, Euler obstructions, and conormal varieties. For Y smooth and S ⊂ Y , we write T * S Y for the closure of the conormal bundle of the smooth locus of S. For a constructible function f we write CC(f ) for the characteristic cycle of f . (Usually characteristic cycle is defined for sheaf complexes or D-modules, but in any case it factors through the Grothendieck group and depends only on the underlying constructible function.) Then the Brylinski-Dubson-Kashiwara index theorem [BDK, G] 
Remark. If X = X α is a minimal stratification with respect to which f * 1 X is constructible, then the microsupport ( [KS] Chapter V) of Rf * Q will contain all T Let c SM denote the Chern-Schwarz-MacPherson transformation from constructible functions to homology [M] . By definition this is c SM (Eu V ) = c M (V ) , where c M is the Chern-Mather class. For X smooth we have c SM (1 X ) = c(T X) ∩ [X]; and the main result of [M] is that c SM commutes with proper pushforward. 
STALKS AND BOUNDS
In this section we recall results of D. Massey [Ma] on the relation between stalks of perverse sheaves, local polar varieties, and the characteristic cycle, and draw corollaries by plugging in our newfound understanding of the characteristic cycle in terms of higher discriminants.
Let K be a constructible sheaf complex or a constructible function. Fix p ∈ Y , and choose a general system of coordinates (y 1 , . . . , y dim Y ) at p. We write Ξ y i for the restriction to y i = 0. For the remainder of the section, we always take vanishing cycles, nearby cycles, and restriction with respect to these coordinates and in the coordinate order, and thus drop the subscripts. I.e.,
Proof. We treat the case where K is a constructible complex; the case of constructible functions is similar but easier.
For r = dim Y the statement holds by definition. Suppose by induction it holds for r = n, we show it for r = n − 1.
(=⇒) We have by hypothesis
The first term is zero by assumption, so the second two are isomorphic and it suffices to show the vanishing of (ΦΞΨ dim Y −n K) p . We repeat the process:
Again the first term vanishes. Iterating we arrive at
As before the first term vanishes, and iterating this process gives
We now recall some results of Massey [Ma] . For any complex K, the nearby-vanishing triangle of Ψ k K gives rise to a long exact sequence, of which the following is a fragment:
As the composition γ −k β −k−1 = 0, the following is a complex: 
has the same cohomology as K p . In the above, each term occupies the same cohomological degree as the superscript on H.
Proof.
1 It follows easily from the existence of Whitney stratifications that, fixing in advance a point p ∈ Y and a complex K, one has for a sufficiently small ǫ-ball that Supp ΦK∩B ǫ (p) = p. On the other hand, the vanishing cycles of a perverse sheaf are perverse, so if K is perverse then ΦK| Bǫ(p) is a perverse sheaf supported at a point, i.e., just a skyscraper sheaf in homological degree zero. We get the following exact sequence from the nearby-vanishing triangle:
The zero on the left is because ΦK is a skyscraper in degree zero; the zero on the right is because ΨK[−1] is perverse. We also learn H i (ΨK) p ∼ = H i (K) p for i < −1. Since ΨK[−1] is perverse, we can iterate this procedure, obtaining more generally the exact sequence
). In particular we learn K) p , so we may rewrite the above sequence as Remark. The first term of the complex looks different from the rest; this annoyance can be avoided by assuming codim Supp K > 0 so that Φ dim Y K = 0. This may be ensured at no cost by embedding Y into a larger space. We assume this is the case henceforth.
As ΦΨ k K[−k] is a perverse sheaf supported on a point and thus a skyscraper in degree zero,
We turn to the question how how to compute this Euler characteristic. Recall the local polar varieties [LT] : for p ∈ S ⊂ Y , we write S sm for the smooth locus of S and the polar varieties of S (with respect to a choice of general coordinates near p) are by definition Massey leaves the final verifications in the proof as an exercise, which we carry out here.
